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Abstract-- The per user carrier-to-interference ratio (CINR) 
enhancement in the Reverse Link (mobile to base station) of a 
CDMA communications system is analyzed using different 
antenna array spatial combining algorithms: Optimum 
Combining (OC) versus Maximal Ratio Combining (MRC) in 
a multi-rate (combined voice and data users) multi-antenna 
scenario. Many low data voice users and a single dominant 
high data user are used to achieve a high degree of colored 
spatial interference in the analysis. The ratio of the CINR for 
OC vs. MRC is directly analyzed, i.e. Z=CINRoc/CINRMRC 

instead of separate analysis of each CINR term: CINRoc and 
CINRMRC 

w',n 'a,er comparison. Exact solutions are derived 
for the statistics of a per user CINR0c/CINRMRC 

improvement, as a function of the high-level interference 
power to background noise, and is compared with CDMA 
Reverse Link Monte Carlo simulations. 

I.  INTRODUCTION 

Cdma2000-EV, WCDMA and other next generation code- 
division multiple access (CDMA) systems offer voice and 
high data user traffic on the Forward (base station to 
mobile) and Reverse Link (mobile to base station). Each 
of these systems employs multi-rate signaling: low and 
high power or data rate signals that can color the 
background interference spatially. 

In a spatially uncolored or white noise environment, the 
OC spatial matched filter (spatial combining algorithm) 
performs equivalently to MRC, i.e. the same final 
combining weight solution for the antenna weights. 
However, OC combining can offer gains over MRC when 
the spatial noise has a high degree of spatial coloring (ratio 
of data users power to background noise). 

In [1], an analysis of one dominant high power user 
relative to background noise was analyzed for the OC 
CINR. [2] extended the results of [1] providing a 
comparison of OC vs. MRC while providing simulations 
with the number of interference terms greater than I. [3-7] 
recently have further extended results analyzing stand- 
alone OC CINR with extensions to multi-high power 
interferes and reference to MRC to include stronger closed 
form solutions for CINR and in specific cases Bit Error 
Rate. 

The direct analysis of Z instead of separate analysis of 
the OC and MRC CINR for one high power user offers a 
simplified analytical treatment, additional insight into true 
spatial combining algorithm gain differences, and more 
direct mapping to final system CDMA capacity 
improvements [8]. 

Section II describes the general system model. Section 
III develops the CINRMRC and CINR0C. The statistics of Z 
are developed in Section IV. Section V compares CDMA 
Reverse Link Monte Carlo Simulations with the developed 
analytical results. 

II.  SYSTEM MODEL 

Wc define a simplified multi-rate (mixed voice-data) 
power distribution model for the CDMA Reverse Link in 
this section. 

A.   System Parameters 

A Rayleigh fading channel model, uncorrelated fading 
between antenna elements, perfect average power control, 
other cell interference modeled as many low data users, 
and perfect estimates of all parameters are assumed in the 
model. 

Our model singles out a low data user, x(t), with 
uncorrelated fading across antennae noted as parameter a , 
a high data user, y(t), with uncorrelated fading across 
antennae noted as parameter p , and a white noise term, 

n(t), that includes the thermal background noise plus all 
other low data CDMA multiple access interference (MAI) 
terms: 

u{t) = x(t)a + y{t)p~+h(.t) 0) 
where   the  signal   u(t)   represents  the   received   vector 

waveform on the 0:m-l antenna elements in the antenna 
array. 

The equivalent white noise term on each antenna clement 
is assumed complex Gaussian (circular Gaussian). The 
noise on all the antenna elements are i.i.d. with zero mean 
and variance equal to <r2, i.e.  Nm =(O,CT

2
)-   Therefore, 

the outer spatial correlation matrix of the white noise term, 
Rn,    reduces    to     a     constant     times     the     identity 



matrix R = cr2 -1 • The equivalent white noise term is 

assumed uncorrelated with x(t), y(t), a and /?. 

The power in signal x(t) is  E\X(I) • x(t)'\= a] and the 

power in signal y(t) is E\y{t) • y{t)'\= a] • 

B.   Spatial Combiner 

The spatial combiner weights the received antenna samples 
in order to recover the desired signal in the presence of 
noise and interference. 

We define the  low data user received waveform as 
u (l) = x(t)a and the interference to the desired low data 

user as »,(/) = y(t)P + «(/) (the sum of the high data user 

and white noise). The CINR of the low data user can then 
be expressed as: 

CINR = E 
\w" .«.r w"Rxw 

w"R,w 
(2) 

where the signal correlation matrix is defined as: 
Rs = E[usii"\= E\x{t)aa" x(t)'\= a2aa" (3) 

and interference correlation matrix is defined as: 

Rl=E[n,n;'}=a'\ + CTl^"- (4) 
where a" is defined as the complex conjugate transpose 
of a . 

III.  CINRoc ANDCINRMRc DERIVATIONS 

The CINRs for MRC and OC: CINRMRr and CINRnr are 
developed in this section. 

A.   MRC Combining and CINRMKC Derivation 

The Maximal Ratio Combining (MRC) algorithm weight 
vector for a specific user is defined as the ratio at each 
antenna element of the users desired received signal 
voltage to the total antenna noise power [9], 

The MRC weight algorithm used here is simplified via 
the assumption of common antenna noise power on each 
antenna.  The MRC combining weight is then defined as: 

In general CINRMKr, using (2) and (5), is: 

CINR, 
w'Lr-R/W,, 

- = a s a"R,a 

(5) 

(6) 

We substitute (4), the desired users' interference outer 
spatial correlation matrix, into (6) and obtain the CINRMRC 

for the desired user in our system described via (I): 

CINR, 
CT2+ffv

2|y9|2cos(^. 
(7) 

where in (7), we use vector notation that defines the angle 

between  two  vectors, over 0. related  to  the  two 

vectors' inner product and their respective norms as [10] 

C0S(«V,-/i)= M (8) 

B.   OC Combining and CINRoc Derivation 

The general equation for the OC weight that maximizes the 
CINR in (2) can be written as: 

>v =*,-'« (9) 
where Rj' is related to R-[ in that R~' is the total received 

correlation matrix, R~', minus the desired users correlation 

matrix, a;dd" • 

In general CINRoc, using (2) and (9), is: 
w" R w 

CINRoc =   «'* • al 8" RJ'8 (10) 

The structure of the interference correlation matrix in (4) 
allows for a simple method to find the inverse correlation 
matrix via the Matrix Inversion Lemma [11]. The inverse 
correlation matrix is reduced to: 

«,"' = K' ~R;'cr2j[\ + a2J"R;;fi}'fi"R-' (11) 

PP" 
aVal+ft"^ 

Equation (I I) in combination with (9) allows the optimal 
weight, w    , to be described as: 

a- w      =  
'""    a2 

W"8 
a7la]+p"p 

Using (12) in (10) yields the OC CINR as: 

cT2\\af 

a 

(12) 

(13) 

IV.    7-CINRoc/CINRMRC: STATISTICS AND ANALYTICAL 
SOLUTIONS 

The statistics of the ratio Z=CINRMRr/CINRor are derived 
in this section. 

A.   Developing the Ratio ofClNRoc/ClNRmr 

Taking the ratio of the OC CINR to the MRC CINR allows 
for a direct evaluation of the gain using OC versus MRC in 
a colored spatial interference environment. Additionally, 
using the ratio of CINR0c/CINRMRC allows the desired 
users channel fading coefficient, |U|2, to be factored out 

and results in a simplified statistical analysis. 
We define Z to be the ratio of CINRoc/CINRMRC as: 



,cr av)=— 
CINR,,. 

CINRMRC 

o] ||/Ccos(0jW/a;]i/fsi4J+a7a; 

(14) 

mA.f^M)=^- 

where in (14), Z is seen dependent upon |/J|2, ^     , and 

a11a2, • Equation (14) can further be simplified to: 

a\  i|/fcos(^Sin(^ 

Noted   observations   on   the   performance   difference 
between OC and MRC from (15) are: 

1) The minimum gain ratio is always I. 
2) OC performs equivalent to MRC when the ratio of 
the high data users power, <j2;. Is small compared to 

the background thermal noise power a2. 
Additionally, deep fades of the high data user will 
decrease the gain ratio. 
3) When the low data users channel vector, a, and 

the high data users channel vector, p, are 0 degrees 

apart, both OC and MRC perform equivalently. This is 
analogous to the low data user and high data user 
spatially located in the same direction. 
4) When the low data users channel vector, a, and 

the high data users channel vector, p , are 90 degrees 

apart, both OC and MRC perform equivalently. As OC 
seeks to find the portion of the low data users signal 
spatially orthogonal to the high data users signal (max 
CINR), when the vectors are already 90 degrees apart, 
the two vectors are already orthogonal, and MRC by 
circumstance will perform as well as OC. 

B.   Angle Distribution Between Two Channel Signatures 

The vector angle difference between the desired low data 
user channel signature, a, and the high data user channel 

signature, ft , will change as a function of time due to the 

inherent changes in the channel and plays an important role 
in the gain of OC versus MRC. 

We seek to find Z independent of ^   ..: 

n 

0 

We   first   define   the   normalized   channel   signature 

^__^_and note a  to be independent of the underlying 

HI 
channel signature norm, Ml. The independence of a with 

Ml is valid if a, is a m-variate spherical distribution with 

mean equal to zero [12],  The components of the Rayleigh 
fading channel  signature, complex Gaussian  distributed 

with   mean  zero,  yield   a   spherical   distributed   channel 
signature. 

We use the independence assumption of a  to |U| and 

note that the distribution of the angle difference, /"'" U     ) 

in (16), is dependent upon the dimension of the underlying 
vectors (the physical number of antennae) with Cosw>     \ 

distributed as a Beta function [13,6]. 
We define a constant, P„„ to be equal to: 

re 

1 = J W.-j} sinfo /f}}f:(k f )d<t>a fi (17) 
n 

= 4s,,,-, • (i-«„„-,-)]= £[«„„ .MO 
('»-') 

m • (m +1) 

where the r'h moment of the Beta function, Bp[|, for integer 
valued p=l and q=m-l is defined in [14]. 

The PDF of two independent Rayleigh vectors' angle 
differences,    /^"'U.    ),   versus   a   different   number   of 

antenna elements was empirically determined using a 
Monte Carlo simulation (not shown here). The results 
yielded that as the number of antennae gets large, the angle 
difference inherently tends to become more orthogonal due 
to the higher vector space dimensionality (lower Pm for 
higher m). Noting comment 4 in Section IV-A, for 
increasing number of antennae, MRC will tend to perform 
closer to OC. 

7, is now written independent of ^      but still dependent 

upon |/?|2, ffyffJ, and Pm: 

r* p 

to^fts.)-? •INK,, 

CINR,,, 
I l Ml 

cr'/al 
(18) 

C.   CDF and PDF ofZ=CINR0, JCINRmc 

The statistics of Z give insight into the behavior of Z 
versus degree of spatial coloring. The PDF and CDF of Z 
arc developed in this section. 

Starting with (18) while using change in variables and 
solving for the root of the resulting equation, we find the 
CDF of Z in terms of the CDF of X: 

f •>       \ 

F 
a 

/'', 
2c' 

dc>) 
•l + Vl+4-P,„/(z-l) 

where the CDF of X is the CDF of a chi-square random 

variable (x = |/i|2) w'm n=2m degrees of freedom (m is 

the number of antennae). 
We solve for the PDF of Z using Leibniz's Rule, noting 

/»«« 
dFv 

dz 
while   defining   the   variance   of   each 

Gaussian   random   variable   making   up   the   chi-square 



distribution to be 0.5 (such that the average channel gain is 
one) to obtain: 

!,•' 

<*•<-«'">•>•'>•&?&{$'•&'» 
where ;, _ /; = -!+ 11 + 

4 P.. 

Figure I plots the PDF of Z vs. a)ja2  (0.5, 1.0, and 

5.0) using (20). The PDF of Z is shown to be near singular 
for low a2/a1 (equivalent statistics for OC and MRC). 
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Figure I. PDF of Z=CINR0c/CINRMRC vs. a
2

vja
2 : a) Two 

antennae, b) Four antennae. 

D.   Average Gain ofZ=CINR()C/CINRmc 

The average value for Z given m, the number of antenna 
elements, and  c

2 = a2la2 > 'he ratio of background noise 

power to high data rate user power, is derived in this 
section and is useful to determine the average CINR 
increases using OC versus MRC. 

The average value ofZ is found by integrating (15) over 
the vector angle difference, <*   ., and the fading PDF of 

'Hi-fi 

the high data user (PDF of x = \\fjf): 

/! 
a \ 

=TJN r.^.5 /;r(^/i)/;
,(v)^/,r/v(2i) 

Wc   solve   (21)   using   (18) while   integrating   over 
Ar=||/y|2.    Defining an average channel gain of one, we 

obtain  an  exact expression   for the  average  value of Z 

dependent upon m and c2: 

z(m, <••-)=! + 

where Ei(n,x)= J- 

U(-D (,2)'"MexP(f,2)./?,(!,,')J 
(22) 

Table 1 illustrates the average value of Z, using (22), for 
the special cases of m=2 and 4 antennae. 

TABLE 1 

Average Z versus   c
2 = a21 a2, for Different Number of 

Antennae   Assuming    Rayleigh    Faded    Channels   with 
<T* =0.5 

No. 
Ant 
in 

Average of Gain Ratio 

a2 

C1NRC 

CINR,, 

0-166  /„      2      4      „ 
+ —j—V--c +c -c cxp (c2)-Ei(l 

1+- 
0.150 c

J+L-c-lsxp(c>).Ei(l,c>) 

v.  REVERSE LINK SIMULATIONS VERSUS THEORY AND 

EXPECTED CAPACITY GAINS 

A Monte Carlo simulation of the CDMA Reverse Link was 
developed and run to understand the ability of the 
theoretical model in (22) to accurately predict the average 
value of Z. 

A.   Simulation Parameters 

The simulation uses the same model as (1), i.e. one low 
data user, one high data user, and background noise. 
In the simulation the following additional assumptions are 
made: 

1) The user-to-user cross-correlation properties of the 
PN sequences, which comprise the CDMA signals, 
lowers the user-to-user cross terms into the 
background noise floor. This assumption is used both 
for the on-diagonal and the off-diagonal elements of 
the received waveform outer spatial correlation matrix. 
2) Each time index in the simulation is a completely 
new Ravleigh faded channel signature. Therefore, the 

simulation covers the entire range of fading, \af and 

II". and vector angle difference, d, 

CINR samples using OC weights (9) and MRC weights 
(5) were generated. The ratio of the simulated values for 
CINRoc and CINRMi(f were then used to obtain simulated 
statistics for Z. 

B.   Reverse Link Simulations vs Theoretical Results 

Simulations for the average value of Z were run for 2 
antennae and 4  antennae configurations  versus   a2 fa2 • 

Figure 2 plots (22) and its corresponding simulated value. 
Figure 2 compares well with results in [2], Figures 4 and 

8. 



IO*LOG10(Z) 

Figure 2. Average Z=CINR0c/CINRMRC for Different 
Number of Antennae and Degree of Spatial Coloring 
Assuming One High Data Rate Interference Term and All 
Users Rayleigh Faded (chi-square o\ =0.5). 

Figure 3 illustrates output simulated CDFs of a low data 
user's  CINR  output  for  OC  and   MRC  at   a1/a1=\. 

Figures 3-b and 3-d illustrate the normalized or mean zero 
simulated CDFs of a low data rate user's CINR using OC 
and MRC to be near equivalent. This observation supports 
the notion of near equivalent higher order moments or 
statistics of the users CINR for low values of spatial 
coloring (as previously illustrated in Figure I). 

VI.  CONCLUSION 

Closed form solutions were developed for the statistics of 
Z, the ratio of CINRs using OC versus MRC, for one 
dominant high data rate user. These expressions are used 
to define the difference in achievable (or realizable) gain of 
OC vs. MRC in the Reverse Link of a typical CDMA 
multi-rate system. 

The results developed for average Z allow a direct 
calculation for the increase in the number of low data users 
and overall system capacity using OC vs. MRC. 

The analytical results for 7, were shown to compare well 
with simulations. 
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